Abstract. It is known that the (2k − 1)-sphere has at most 2
Introduction
For d ≥ 3 fixed and n large, Kalai [8] constructed 2 Ω(n d/2 ) combinatorially distinct n-vertex triangulations of the d-sphere (the squeezed spheres), and concluded from Stanley's upper bound theorem for simplicial spheres [14] an upper bound of 2 O(n d/2 log n) for the number of such triangulations. In fact, this upper bound readily follows from the Dehn-Sommerville relations, as they imply that the number of d-dimensional faces is a linear combination of the number of faces of dimension ≤ d/2 − 1, and hence is at most O(n d/2 ). Thus, as already argued in [8] , the number of different triangulations is at most (
, namely at most 2 O(n d/2 log n) . For even d the difference between the upper and lower bound is only a log n in the exponent, but in odd dimension d = 2k − 1 the gap is much bigger, from 2 Ω(n k−1 ) to 2 O(n k log n) . Most strikingly, for d = 3 the gap is from 2 Ω(n) to 2 O(n 2 log n) . Pfeifle and Ziegler [13] reduced this gap by constructing 2 Ω(n 5/4 ) combinatorially different n-vertex triangulations of the 3-sphere. Our main result is a construction that gives 2 Ω(n k ) combinatorially different (2k − 1)-spheres, close to the upper bound of 2 Ω(n k log n) .
The bound in [13] is obtained by constructing a polyhedral 3-sphere with Ω(n 5/4 ) combinatorial octahedra among its facets. Our bound will follow from constructing a polyhedral 3-sphere with Ω(n 2 ) combinatorial bipyramids (or their natural generalization to higher dimension) among its facets. A bipyramid is the unique simplicial 3-polytope with 5 vertices. The idea of the construction, detailed in Section 3 in a more general setting (see, in particular, Theorem 3.3), is as follows: consider a certain simplicial 3-ball K with n vertices.
• Find particular Θ(n) simplicial 3-balls contained in K, with disjoint interiors.
• On the boundary of each such 3-ball find particular Θ(n) pairs of adjacent triangles (each pair forms a square), such that these squares have disjoint interiors.
• Replace the interior of each such 3-ball with the cone from a new vertex over each boundary square (forming a bipyramid) and over each remaining boundary triangle (forming a tetrahedron).
• Show that the particular 3-balls and squares chosen have the property that the above construction results in a polyhedral 3-ball. Adding a cone over the boundary results in a desired polyhedral 3-sphere.
Specifically, we prove the following: Theorem 1.1 (Theorems 4.3 and 4.15) There is a constant c > 0 such that for every n ≥ 4 there exists a 3-dimensional polyhedral sphere S n with n vertices and at least cn 2 facets that are combinatorially equivalent to bipyramids.
Note that each of the bipyramids in the above theorem can be triangulated in two ways -either into 2 tetrahedra by inserting its missing triangle or into 3 tetrahedra by inserting its missing edge -to obtain a triangulation of the 3-sphere. The fact that all missing faces are different implies that we can triangulate the bipyramids independently and always get a valid simplicial complex. Moreover, all the steps in the process are done in the PL-category, also in higher dimensions. (All simplicial 3-spheres are PL by Moise's theorem [10] , however non-PL simplicial spheres exist in any dimension ≥ 5.) This gives the following result. 16) The (PL-) sphere of dimension 3 admits 2 Ω(n 2 ) combinatorially distinct triangulations on n vertices.
We show two specific constructions providing Theorem 1.1, one based in the join of two paths (Theorem 4.3) and one based in the boundary complex of the cyclic 4-polytope (Theorem 4.15). The latter gives a better constant inside the Θ(·) notation (4n 2 /25, versus 2n 2 /25 bipyramids in the former) but the former is somehow simpler to describe and serves as a preparation for the latter.
Erickson conjectured that there are no 4-polytopes or 3-spheres on n vertices with Ω(n 2 ) non-simplicial facets. Theorem 1.1 refutes this for 3-spheres, but we leave the question open for 4-polytopes. For them we can only prove the following, which is the first construction of 4-polytopes with more than O(n 1+ ) non-simplicial facets (a construction of cubical 4-polytopes with Θ(n log(n)) non-simplicial facets is due to Joswig and Ziegler [7] ): Theorem 1.3 (Theorem 4.6, Corollary 4.8) There are 4-dimensional polytopes with n vertices and with Θ(n 3/2 ) facets that are bipyramids.
Triangulating these bipyramids appropriately we also get: Theorem 1.4 (Corollary 4.9) There are 4-dimensional simplicial polytopes with n vertices and with Θ(n 3/2 ) edges of degree three.
This answers the following question of Ziegler (see, for example, [9] ): Can a simple 4-polytope with n facets have more than O(n) non-quadrilateral 2-faces? Indeed, the dual to the polytopes in the above theorem have n facets and Θ(n 3/2 ) triangles.
The spheres of Theorem 1.3 can be triangulated in 2 Θ(n 3/2 ) ways. These triangulations cannot be all polytopal, simply because they are too many. But they are geodesic, which is an intermediate class between polytopal spheres and the class of all triangulated spheres. By a geodesic sphere (sometimes also called a star-convex sphere) we mean one that can be realized geodesically in the standard sphere S d ⊂ R d+1 . Put differently, a simplicial complex is a geodesic d-sphere if it can be realized as a complete simplicial fan in R d+1 . Theorem 1.5 (Theorem 4.6, Corollary 4.8) There are at least 2 Θ(n 3/2 ) geodesic 3-spheres with n vertices.
In Section 5 we extend the above theorems to higher odd-dimensional spheres. To state our general results and to put them in the context, let us define:
Previous results show the following asymptotics of these functions. The result for p d (n) is from Goodman and Pollack [5, 1] and the bounds for s d (n) are, as mentioned at the beginning, from Kalai [8] and the Upper Bound Theorem.
log p d (n) ∈ Θ(n log n).
Concerning g d (n), we do not know of any explicit previous bounds, but the following two are implicit in Theorems 6.1.22 and 8.4.2(3) of [3] . These theorems, in turn, follow from ideas of Dey [4] and Kalai [8] . (In fact, the proof of [3, Theorem 6.1.22] can easily be adapted to show that Kalai's spheres are geodesic).
Proof. For the upper bound, we look at geodesic d-spheres as complete simplicial fans in R d+1 . To construct one such fan with n rays we first fix a set V of n vectors in R d+1 and then look at the number of simplicial fans having rays exactly in the directions of V . (These are the triangulations of V in the terminology of [3] ). It is well-known that two configurations V and V having the same oriented matroid produce isomorphic triangulations [3, Corollary 4.1.44] . So, the number of "different" configurations we need to consider is bounded by the number of (uniform, totally unimodular) realizable oriented matroids of rank d + 1 on n elements. This is bounded above by 2 O(n log n) [5, 1] .
Once V is fixed, a triangulation of V is determined by its d/2 -skeleton
, so the number of them is at most 2 (
. Multiplying this by 2 O(n log n) does not affect it.
For the lower bound, we take as starting point the fact that the cyclic d-polytope with n vertices has 2 Ω(n d/2 ) triangulations [3, Theorem 6.1.22]. Central projection of R d to an open hemisphere in S d , followed by coning the boundary of each triangulation to a point in the antipodes, produces that many geodesic spheres.
In even dimensions the difference between the lower and upper bounds for s d is not that big, and the upper bound for g d is not an improvement of the upper bound for s d (n). But in odd dimension 2k − 1 the bounds become:
.
We improve the two lower bounds as follows:
Theorem 1.7 (Corollaries 5.5 and 5.7)
These bounds follow from the construction of a 2k − 1-sphere with n vertices and at least 2n k 3k k+1 non-simplicial facets (Theorem 5.4) and a geodesic one with at least Another interesting open question is whether lim n→∞ log g d (n)/ log s d (n) is, for fixed d, zero or positive. Observe that individual non-geodesic spheres are easy to construct; for example, a 3-sphere containing a trefoil knot on five edges or less cannot be geodesic.
Preliminaries
For background on polytopes, the reader can consult [15] or [6] , and for background on simplicial complexes see e.g. [11] .
Let X denote a complex, simplicial or polyhedral. In what follows, always assume X to be pure, namely all its maximal faces with respect to inclusion have the same dimension. We write V(X) for the set of all vertices of X. By a facet of X we mean a face F ∈ X maximal w.r.t. inclusion. We use the term k-face as a shorthand for k-dimensional face, as usual. Similarly, we call a complex X a k-complex if all of its facets are k-faces.
For a polyhedral ball X we denote by ∂X the boundary complex of X. That is, ∂X is the subcomplex of X whose facets are precisely the faces of X that are contained in exactly one facet of X. In particular, if X is a k-complex homeomorphic to the k-ball, then ∂X is (k − 1)-dimensional, homeomorphic to the (k − 1)-sphere. We say that a face F ∈ X is interior to a polyhedral ball X if F / ∈ ∂X. For X a simplicial complex, the link of a face F ∈ X is the subcomplex {T ∈ X : F ∩ T = ∅, F ∪ T ∈ X}, and its (closed) star is the subcomplex generated by the faces {T ∈ X : F ⊆ T } under taking subsets. If P is a simplex, then we will identify P with its set of vertices V(P ), or with the simplicial complex 2 V(P ) , when convenient.
The join of two simplicial complexes X and Y is defined as
Observe that the star of F equals the join of F and the link of F . We will make use of the following arithmetic notation. For any integer n ≥ 1, we will use [n] as a shorthand for [1, n] ∩ Z, the set of all integers from 1 to n. For a real number r, we will denote by r the floor of r, and by r the ceiling of r.
One of the foundations for our construction is the cyclic polytope, so we restate its definition here. The moment curve in R d is the curve
The convex hull of the image of [n] under α d , which we will denote by C(n, d), is the cyclic d-polytope with the n vertices
The faces of the cyclic polytope admit a simple combinatorial description, called Gale's evenness condition (see e.g. [6] , p. 62, and [15] , p. 14). We restate this property here as a lemma. We only consider cyclic polytopes of even dimension d = 2k. Their boundary complex, as an abstract simplicial complex on [n], is symmetric under the natural action of the dihedral group on [n]. But another important property for our purposes is that if P 1 , . . . , P k are a decomposition of the path [1, n] into subpaths then
such that the origin is in the relative interior of both simplices. The free sum ∆ k−1 ⊕∆ k is the simplicial polytope combinatorially equivalent to conv(∆ k−1 ∪ ∆ k ) under the above placing. Thus a bipyramid is the free sum ∆ 1 ⊕ ∆ 2 . Observe that
Observe also that any simplicial sphere (or homology manifold) of dimension 
Carving and filling holes in simplicial complexes
Let X be a pure simplicial complex of a certain dimension d. Let B 1 , . . . , B k be subcomplexes of X, each of which is a simplicial d-ball and which have disjoint interiors. This is equivalent to no d-simplex belonging to two different B i 's. Under these conditions: Lemma 3.1 Adding k new vertices v 1 , . . . , v k to X and substituting each B i for ∂B i * v i produces a simplicial complex X homeomorphic to X.
We want to modify the above construction so that the new complex X , instead of being simplicial, contains many non-simplicial cells. Since the most economic non-simplicial cells are free sums of simplices, these are the ones that we are interested in. We concentrate first in a single ball B, then treat the case of several balls B 1 , . . . , B k . Throughout, assume B, and each B i , are not a simplex.
For each d-simplex σ in a simplicial d-ball B, denote D σ the set of all facets of σ that are not interior to B. Put differently, D σ is the pure (d − 1)-dimensional part of ∂σ ∩ ∂B i . Some D σ 's may be empty, but for those which are not empty we have the following properties: We introduce the following definition:
Definition A family {σ 1 , . . . , σ t } of d-simplices in a d-ball B is compatible if the missing faces F σ 1 , . . . , F σt are all different and interior to B (that is, no F i is contained in ∂B). (1) For each σ ∈ S, consider the cell C σ with boundary complex D σ ∪ (∂D σ * v). This is (combinatorially) a free sum of two simplices of dimensions |F σ | − 1 and d + 1 − |F σ |, where |F σ | denotes the number of vertices of the missing face
consider the simplex τ * v.
The complex B so obtained is a polyhedral complex homeomorphic to B.
Proof. Topologically, B is obtained from ∂B * v by merging the simplices that come from the same D σ . Hence, it is indeed a ball. Let us check that C σ is indeed as described, and that different cells intersect properly.
For the description of σ, let G σ be the face of σ complementary to F σ . Equivalently, G σ is the intersection of all facets of σ in the boundary of B, and the unique minimal face of D σ that is not in ∂D σ . Then, C σ is the free sum of the simplices F σ and G σ * v, because these two are the unique minimal non-faces in the boundary complex of C σ .
For the proper intersection there are three cases, depending on whether each of the two cells is of the form τ * v or C σ .
•
which is a face of both τ and σ of dimension at most d − 2. Since τ ⊂ ∂B, F is contained in the boundary of D σ , and as τ / ∈ D σ , we get F ∈ ∂D σ . Than, (τ * v) ∩ C σ = F * v, and is a face of both.
• The case C σ ∩ C σ is similar. Consider the intersection F = σ ∩ σ , which is a face of both σ and σ . For C σ and C σ not to intersect properly, it is necessary that
This implies F ⊂ ∂B, so in particular F σ ⊂ F either, and F is also a face of D σ . This face F must be in the boundary of both, so that ∂D σ * v and ∂D σ * v intersect in F * v, and F * v is a face in both C σ and C σ .
So, let us assume by way of contradiction that
Since this construction is the basis of all our results we give a name to it:
Definition Let S be a compatible family of d-simplices in a simplicial d-ball B. The process leading to the ball B of Lemma 3.2 is called S-filling B.
We now come to the main result of this section, in which we apply the previous lemma to several balls simultaneously: Theorem 3.3 Let K be a pure simplicial d-complex with n vertices. Let B 1 , . . . , B k be d-balls contained in K and with disjoint interiors. Let S 1 , . . . , S k be compatible families of d-simplices, each S i contained in the corresponding Proof. For part (1), the homeomorphism follows from Lemma 3.1. The only thing missing, after we have Lemma 3.2, is that cells from different B i 's intersect properly. The only non-obvious case is that of cells coming from a C σ and a C σ , with σ ∈ B i and σ ∈ B j . Now, in that case the intersection is obviously
For part (2) , consider a particular C σ and let, as usual, F σ be the missing face of D σ , so that D σ is the complement of the open star of F σ , and G σ be the face of σ complementary to F σ . Since C σ is the free sum of the simplices F σ and G σ * v i , where v i is the new vertex introduced in the ball B i containing σ, these two simplices are, in fact, the two unique minimal non-faces of ∂C σ . The two triangulations of C σ are
Now, as T σ,i leaves ∂C σ intact, part (1) guarantees that indeed the 2 b complexes obtained are triangulations of K . For part (3), observe first that the 2 b triangulations are PL-homeomorphic to one another, since changing the choice of refinement in each individual free sum of two simplices is a bistellar flip. So, it is enough to prove that one of them is PL-homeomorphic to K, and we choose the one obtained by taking a cone over the boundary of each B i . Since B i is clearly PL-homeomorphic to ∂B i * v i (via an homeomorphism that is the identity on ∂B i ) changing each B i to ∂B i * v i for each i does not change the PL-homeomorphism type of the complex K.
Many 3-dimensional spheres
In this section we construct 2 Θ (n 2 ) combinatorially different 3-dimensional spheres on n vertices, and 2 Θ (n 3/2 ) geodesic ones. For spheres we include two versions of the construction. One based on the join of two paths, which is somehow easier to analyze, and one based on the cyclic polytope, which leads to a better asymptotic constant in the Θ(·) notation.
4.1. Many 3-spheres in the join of two paths. Let a 1 , . . . , a n be n points in the line {(t, 0, 1) : t ∈ R} and let b 1 , . . . , b m be m points in the line {(0, t, −1) : t ∈ R}. Let A be the set of n + m points:
The only triangulation of conv(A) with vertex set A is the join of the two paths along the two lines, given by the tetrahedra:
Here we identify a tetrahedron with its set of vertices and we sometimes abbreviate {a i , a i+1 , b j , b j+1 } as a i a i+1 b j b j+1 . One nice way of picturing the three-dimensional complex T in 2-dimensions is to cut it through the plane z = 0. This produces an (n − 1) × (m − 1) grid of rectangles, whose n × m vertices are the midpoints (a i + b j )/2.
We denote
represents a pure subcomplex T B of T :
The following definition and lemma relate combinatorial properties of B to geometric and topological properties of T B :
(1) We say that B is grid-connected if we can go from any (i, j) ∈ B to any (i , j ) ∈ B changing one index at a time and by one unit at a time. That is, if the subgraph induced by B in the cartesian product of two paths is connected. To state the geometric counterparts of these properties, we denote as |T B | the union of (the convex hulls of) the tetrahedra in T B .
(1) B is grid-connected if and only if the interior of T B is connected.
(2) B is grid-starconvex from (i, j) if and only if |T B | is star convex from every point (equivalently, from some point) in the interior of the tetrahedron T ij . (3) B is grid-unimodal if and only if |T B | is topologically a 3-ball. This ball is, moreover, shellable.
Proof. For part (1) , observe that the product of two paths is nothing but the dual graph of T . Hence, B is grid-connected if and only if the dual graph of T B is connected, which is equivalent to the interior of |T B | being connected.
1
For part (2) , let x be any point in the interior of T ij . If B is not star convex from (i, j) then there is an (i , j ) ∈ B (without loss of generality assume i ≥ i and j ≥ j) such that either (i − 1, j ) or (i , j − 1) is not in B. Consider a point y ∈ |T i j | very close to the facet of it common to 1 Here "interior" may have two different meanings, but the result and the proof hold in both: on the one hand, |T | is a manifolds with boundary, and we can call interior of an X ⊂ |T | the part of the topological interior of X not meeting the boundary of |T |. This coincides with the topological interior of X as a subset of R 3 . Interior may also mean the interior of X in |T |, which may include part of the boundary of |T |).
T i −1,j or T i ,j −1 . Clearly, the segment joining x and y is not contained in |T B |. For the converse, assume B is star convex from (i, j) and let y be any point in |T B |, and assume y ∈ |T i j | for a certain tetrahedron in T . Then, it is clear that every other tetrahedron |T i j | meeting the segment xy will have i ∈ [i, i ] and j ∈ [j, j ], so that T i j ∈ B, hence xy ⊆ |T B |.
We finally prove part (3)
Observe that this union of 2-faces is automatically a 2-ball; indeed, the only nonempty union of facets of a k-simplex that is not a (k−1)-ball is the whole boundary. But gluing T i 0 ,j 0 along its whole boundary to something that is (by inductive hypothesis) a 3-ball would produce a 3-sphere contained in the 3-ball T , which is impossible. Any (i, j) ∈ B satisfies (b), unless it is the only one in its row and column, which, as B is grid- With this in mind, we present now our first construction:
Construction 1 Consider the join T of two paths of lengths n−1 and m−1, with vertices a 1 , . . . , a n , b 1 , . . . , b m , as above. For each k ∈ {1, . . . , (n + m)/4 let
By part (3) of Lemma 4.1, |T B k | is a 3-ball, for every k, since B k is gridunimodal. Let S k be the set of all tetrahedra in B k with i + j ∈ {0, 3} (mod 4), which all have more than one triangle in ∂B. See Figure 1 . We leave it to the reader to check that S k is a compatible system of tetrahedra in B k . Hence, substituting B 1 , . . . , B kmax (where k max = (n + m)/4 ) for Figure 1 . Construction 1 the old B 1 , . . . , B kmax produces a polyhedral complex B with about nm/2 triangular bipyramids (every tetrahedron T ij with i + j ∈ {0, 3} (mod 4) produces a bipyramid). Hence, we get the following statement, where we take m = n for simplicity:
in Construction 1 produces a polyhedral 3-ball with 5n/2 + o(n) vertices consisting of 2n + o(n) tetrahedra and n 2 /2 + o(n) bipyramids.
These bipyramids can be triangulated each in two ways, independently, so that we can get 2 n 2 /2+o(n) different simplicial balls (on labeled vertices).
Coning the boundary of the above polyhedral ball B (or the triangulations of it) to a new vertex, we also get:
There is a polyhedral 3-sphere with 5n/2 + o(n) vertices consisting of 6n + o(n) tetrahedra and n 2 /2 + o(n) bipyramids.
2
This implies (plugging N = 5n/2 + o(n) and dividing the number of labeled triangulations by N ! to get a lower bound for the number of combinatorial types):
2 More can be done: every old tetrahedron in the ball B 1 ∪ · · · ∪ B max was incident to one boundary triangle of T , so it can be glued together with the tetrahedron at the other side to make more bipyramids, and the final number of tetrahedra remaining is about 2n, four outside the corners of each hole B k . Playing a bit with the tetrahedra in corners of each hole one can in fact get rid off all the tetrahedra and get a polyhedral sphere consisting only of bipyramids. Remark 4.5. A slightly larger number of bipyramids (in terms of vertices) can be obtained with a slight modification, except now not all of them can be triangulated independently. (In particular, the number of spheres that this construction produces is slightly worse). For this, do exactly as before, but define each B k to be
so that now k ranges from 1 to k (n+m)/3 , and let S k consist of the tetrahedra in B k with i + j ∈ {0, 2} (mod 3). This produces about 2n/3 holes (we assume n = m) and about 2n 2 /3 bipyramids. See Figure 2 . But, as said a i a i+1 a n above, now the bipyramids cannot be independently triangulated because S k is not a system of compatible tetrahedra. Rather, most of the tetrahedra come in pairs with the same missing edge (so that about half of them could be triangulated independently). Still, letting N = 8n/3 in this construction (of Remark 4.5) we get 3-spheres with N vertices and about 3N 2 /32 bipyramids, which is greater than 2N 2 /25.
Many 4-polytopes.
We now want to do a geometric construction, rather than merely topological, to get many polytopal or many geodesic 3-spheres. For this, we need our holes to be starconvex, so that their whole boundary is seen from the new point inserted.
Construction 2 Let n = kl +1 for an odd k and arbitrary l, and divide the whole grid of (n − 1) × (n − 1) rectangles into l 2 subgrids of k × k rectangles each. Inside each subgrid consider a hole B i,j (i, j ∈ [l]) in the shape of an aztec diamond and do the same construction as above, letting S i,j to be the set of all tetrahedra having a triangle in ∂B i,j , so that |S i,j | = 2k − 2. See Figure 3 . Each S i,j forms a compatible system of tetrahedra. Now, by Lemma 4.1(2), all the bipyramids obtained are actually convex (which implies they can be triangulated independently) so we get that: a n . . .
Theorem 4.6 Let n = kl + 1. The point configuration in R 3 consisting of the 2kl + 2 points a 1 , . . . , a n , b 1 , . . . , b n plus the l 2 centers of the aztec diamonds has:
(1) A polyhedral subdivision T containing (2k − 2)l 2 triangular bipyramids, obtained by S i,j -filling B i,j for all i, j ∈ [l]. (2) Moreover, by an appropriate choice of the points a i and b j this subdivision can be made regular.
The only part in the statement that does not directly follow from Lemmas 3.2 and 4.1 is regularity of T, which depends on how the a i 's and b j 's are chosen. The assumption needed on them is rather weak (see the proof below) and, for example, the most natural point set, having a i = (i, 0, 1) and b j = (0, j, −1) satisfies it.
Proof. Let us make concrete the assumptions needed on the a i 's and b j 's. We assume that the l subconfigurations a ki+1 , . . . , a ki+k+1 (i = 0, . . . , l − 1) corresponding to the l subgrids are translated from one another and centrally symmetric (see the lemma below), with the same assumptions on the b's.
We first show the following lemma about a square grid in the plane:
Lemma 4.7 Let k be odd and let X = {(x i , y j ) : i = −k, . . . , k, j = −k, . . . , k, i, j odd} ∪ {(0, 0)} ⊂ R 2 for some choices of x i 's and y j 's satisfying:
Consider the subdivision of X consisting of the (k 2 − 1)/2 grid rectangles outside the aztec diamond together with the 2k − 6 quadrilaterals and 4 pentagons obtained by joining (0, 0) to the convex pieces of the boundary of the aztec diamond. Then, this subdivision is regular, with respect to a lifting vector ω : X → R satisfying the following properties:
• On {(x i , y j )} i,j , ω splits as a sum ω i,j = α i + β j .
• The α's and β's are symmetric (
Proof. Since the original configuration and the point set are symmetric under horizontal and vertical reflection, we concentrate on the positive values of i and j and then reflect the solution.
We first give height 0 to the middle point (0, 0) and choose one and the same gradient for all the edges incident to it. Put differently, we draw a small horizontal circle C centered around (0, 0, 1) and give to each point (x i , y k−1−i ) (i ∈ {1, 3, . . . , k}) the height ω i,k−1−i necessary to have the edge (0, 0, 0), (x i , y k−1−i , ω i,k−1−i ) meet C.
These conditions determine the rest of values of ω i,j as follows:
• For each i = 1, 3, . . . , k −2, coplanarity of the lift of the quadrilateral with vertices (0, 0), (x i , y k+1−i ), (x i , y k−1−i ) and (x i−2 , y k+1−i ) gives us a unique choice of lift for the height of each point (x i , y k+1−i ).
• The same happens for the height of (x 1 , y k ) and (x k , y 1 ) taking into account coplanarity of the lift of the pentagons
(Here, the values ω −1,k−2 = ω 1,k−2 and ω k−2,−1 = ω k−2,1 are known by symmetry).
• With this, for an arbitrary choice of α 1 (say α 1 = 0) and taking β k = ω 1,k − α 1 we can uniquely compute all the other α i 's and β j 's (i = 3, . . . , k; j = k − 2, . . . , 1) as follows:
It is clear that this choice of ω's lifts each quadrilateral of our subdivision (even more so, also the grid quadrilaterals that are not in our subdivision) to be still planar. It is also clear from the construction that the α i 's are a convex function on the x i 's and the β i 's on the y i 's (convexity for a consecutive triple x i−1 , x i , x i+1 follows from the fact that the star of (0, 0) is lifted convex, which was our first requirement). This means that, if we remove (0, 0) from the configuration, the regular triangulation produced by ω is precisely the k × k rectangular grid. Since the heights are chosen so that (0, 0) is lifted coplanar to all the quadrilaterals
the result follows.
We now finish the proof of Theorem 4.6, constructing the regular subdivision in two steps in the spirit of [3, Lemma 2.3.16], which basically says the following: if ω and ω are two lifting functions on a point configuration A then, for > 0 sufficiently small, the regular subdivision of A produced by ω + ω refines the regular subdivision produced by ω alone in the way indicated by ω (that is, each cell of the first regular subdivision is refined as the second lifting function, restricted to the points in that cell, was used to construct a regular subdivision of that cell).
So, denote by A the point configuration in the theorem, containing all the a i 's, b j 's (i, j ∈ [kl + 1]) and centers of the subgrids, which we denote o i,j (i, j ∈ [l]). Consider first a lifting function ω on A that produces the l × l "coarse grid" (or, more precisely, the corresponding "coarse join of two paths") as a regular subdivision. That is to say, consider any convex function on the points of the form a 1+ik , i = 0, . . . , l, another (or the same) on the points b 1+ik , and interpolate linearly on the rest of the points a i and b j , as well as in the centers o i,j , so that all the 2k + 3 points corresponding to the same subgrid are lifted to lie in a hyperplane. The regular subdivision obtained at this point is the join of two paths of length l, where each tetrahedron in this join corresponds to a rectangle in the coarse subgrid. We call them coarse tetrahedra.
We now perturb ω to an ω + ω for a sufficiently small > 0, taking ω to be 0 on the center-points of aztec diamonds and twice the α's and β's from Lemma 4.7, in the a i 's and b j 's of each of the l 2 coarse tetrahedra. In this way, the height given to the midpoint (a i + b j )/2 of an a i and a b j (which is a vertex in the corresponding subgrid) is exactly the ω i,j in the lemma.
Taking k = l, which implies N ∼ 3l 2 points in A in this construction, gives: Proof. Part (1) is obtained by taking the convex hull of the lifted points from Theorem 4.6. Part (2) is obtained by considering the complete fan defined by the lifted points, call this set P , together with another point x such that −x is in the interior of one of the cones defined by P .
It is clear from our proof of regularity in Theorem 4.6 that if we slightly increase the height of the central point in each hole (the point (0, 0) of the proof) maintaining all of the others constant, then all the bipyramids corresponding to quadrilaterals (not to pentagons!) are refined in the same way, with three tetrahedra around an edge of degree three. In particular, if we do this simultaneously on the central points of all aztec holes, we get a regular triangulation that contains Ω(N 3/2 ) edges of degree 3: This disproves a conjecture of Ziegler. Note that the same can be applied in Construction 1, yielding 3-spheres with Θ(N 2 ) edges of degree three.
Remark 4.10 (Asymptotics of the number of geodesic spheres). There is a variation that allows to basically double the exponent obtained for the number of triangulations in part (2) of Corollary 4.8. Observe that in each k × k subgrid we can, instead of fixing an Aztec diamond, consider an arbitrary star convex region. The exterior of that region is left subdivided in the grid way and the interior is coned (simplicially) to the center. Hence, we get s l 2 as a lower bound to the number of triangulations of this configuration, where s is the number of subcomplexes of the k × k grid that are grid-starconvex with respect to the center. We claim s to be about 2 4k . For this, observe that in each of the four ((k − 1)/2 × (k − 1)/2)-subgrids partitioning of the k × k grid we can independently choose among the k−1
monotone paths. This gives (taking k = l and neglecting the √ k in the denominator):
Corollary 4.11 For any > 0 and N large, there is a point configuration with N ( 3l 2 ) points in R 3 having at least 2 (4− )(N/3) 3/2 different triangulations.
Remark 4.12 (Three-dimensional point sets with N Ω(N ) regular triangulations). We can also adapt the previous construction to show three-dimensional point sets with many regular triangulations. Suppose that we slightly perturb the position of the central points in the holes, in the (lifted) regular polyhedral subdivision T of Theorem 4.6(2), to positions such that when we move them upwards till they disappear from the regular subdivision (i.e., till they are above all hyperplanes defined by the rectangles in the hole) they cross the planes containing different (lifted) rectangles at different heights. Then we get about k 2 /2 different regular triangulations 3 in each subgrid, and we can choose them independently. Indeed, as the refinement T of the lifting of the coarse rectangles was obtained by perturbation to the centers of the holes, moving the different centers upwards can be done independently. Taking l = k 2 we have N = 2kl + 2 + l 2 ∼ l 2 = k 4 and we get: 4.3. Even more 3-spheres in the cyclic 4-polytope. Cyclic polytopes have the maximum possible number of simplices among simplicial polytopes (or simplicial spheres, for that matter) of each given dimension and number of vertices. This suggests that they can lead to asymptotically better constructions than the ones presented so far, and this is indeed the case. To simplify our exposition, let us first relate the boundary complex of the cyclic 4-polytope to the join of two paths and to the representation of it as a grid that we have used in the previous subsection.
In what follows we let n ∈ N and consider the cyclic polytope C(4n, 4). The facets of it are the sets of the form {i, i + 1, j, j + 1} with, without loss of generality, 0 ≤ i < i + 1 < j ≤ 4n − 1. Here and in what follows, indices are regarded modulo 4n. In particular, vertices 0 and 4n are identified. In tetrahedra using (0, 1) as one of their pairs we have i = 0 while in simplices using (4n − 1, 4n) we have j = 4n − 1.
We can represent these facets as squares in the upper half of a grid, as done in Figure 4 for n = 6, where the tetrahedron {i, i + 1, j, j + 1} appears as the square [i, i + 1] × [j, j + 1]. Since 0 = 24, the left edge (0, 1) and the top edge (23, 24) in Figure 4 are considered glued to one another. There are the following two interpretations of the figure, one topological and one purely combinatorial:
• Each vertex (i, j) in the grid can be considered to be the midpoint of the edge ij of the cyclic polytope, so that each shaded square is actually a square (or a parallelogram) cutting the corresponding tetrahedron in two halves. These squares are glued forming a Möbius strip that is embedded in the boundary of the cyclic polytope.
• The figure is a representation of the combinatorics of the complex K = ∂C(4n, 4). It is of course not a complete representation, but it is quite faithful in several respects: tetrahedra in K are in bijection to shaded squares, and triangles in K are in bijection to edges in the picture, with a single exception: triangles of the form (i − 1, i, i + 1) appear in the figure twice, so that the boundary edges of the shaded region in the figure should be considered identified in pairs, as marked by small arrows (but note that these edges are not identified in the Möbius strip of the previous item; geometrically, they are two different segments in the same triangle and with a single common end-point). Finally, all of the 4n 2 edges of K appear in the figure, as vertices. With this in mind, for each k ∈ [n] we define the following subcomplex of ∂C(4n, 4) (see Figure 5) :
Lemma 4.14 B 1 , . . . , B n are shellable balls with no common tetrahedron. B (1) B (2) B (2) B (3) B (4) B (5) B (3) B (4) B (5) B(6) Figure 5 . More efficient balls, in the cyclic polytope
Proof. That no tetrahedron lies in two different B i 's is clear by construction. To show that B i is a shellable ball we concentrate in B n , which is enough by cyclic symmetry. B n consists of the following tetrahedra:
In particular (as emphasized for B 6 in Figure 4) , B n is contained in the join of paths [1, 2n ] * [2n + 1, 4n]. As such, we can apply Lemma 4.1 to it. Since, as a subset of the grid, it is grid-unimodal, we have that, as a simplicial complex, it is a shellable ball. Now, in each B k we consider the compatible system of tetrahedra S k consisting of those with i + j ∈ {4k − 2, 4k + 1}. Now, S k -filling the hole B k for all k gives: Theorem 4.15 For each large enough n ∈ N there is a polyhedral 3-sphere with 5n + 1 vertices consisting of Θ(n) tetrahedra and at least 4n 2 − o(n 2 ) bipyramids. These bipyramids can be triangulated independently, providing at least 2 4n 2 −o(n 2 ) different simplicial (PL) 3-spheres. 
We adapt the definitions of grid-convexity, etc. to this case as follows:
(1) We say that B is grid-connected if we can go from any I ∈ B to any I ∈ B moving always from a cube to an adjacent one. That is, if the dual graph of B (B as a sub complex of R) is connected. (2) We say that B is grid-starconvex from a certain I ∈ B if, for every I ∈ B and every I ∈ [I, I ] we have I ∈ B. Here we say that
and let T B denote the union of (2d − 1)-simplices from T represented by B. Then:
(2) B is grid-starconvex from I if and only if T B is star convex from any point in the interior of the simplex T I .
Proof. The proofs are the same as those in Lemma 4.1.
We believe the equivalent of part (3) , where B 0 is obtained forgetting the last coordinate in each tuple in B. In this case,
So, let n 1 , . . . , n d , and let m 1 , m 2 as above be given. Once d is fixed, we use induction on the sum n 1 +· · ·+n d . This induction starts with n j = 2d, in which case there is nothing to prove (T is a single simplex). We can also assume that:
• n d ≥ 3, or otherwise T B is the join of a segment and a lowerdimensional complex satisfying the hypotheses.
• B contains some (i 1 , . . . , i d ) with
, and the result follows by induction on n 1 + · · · + n d . In these conditions, let us define: 
is a shellable (2d − 3)-ball. This alone shows that T B = T B 1 ∪ T B 2 is a (2d − 1)-ball. To show shellability we distinguish two cases:
is the join of B 3 with a segment. Then, a shelling order for B can be obtained by concatenating any shelling order for B 1 followed by any shelling order for B 2 .
• If m 1 ≥ n d − 1, then we further subdivide B 2 into:
See Figure 6 for an illustration. Now B 2 is the join of B 3 with a segment and, in particular, a shelling order for B 1 ∪ B 2 can be obtained by concatenating any shelling order for B 1 followed by any shelling order for B 2 .
After this is done, any ordering of the simplices of B 2 completes a shelling order for B. The reason for this is:
-Any two tuples in B 2 differ in at least two indices, since their sum of indices coincide. Thus, the corresponding (2d − 1)-simplices intersect only in faces of codimension at least two (which, moreover, are already in the complex B 2 ). -Any full-dimensional simplex in B 2 intersects B 1 ∪B 2 in a union of facets.
5.2.
Many spheres of dimension 2d − 1. We now look at the analogue of Construction 1 in higher dimension: Each such set is, by Lemma 5.2, a ball in the complex T . We consider those balls as holes in the complex, that is, we introduce a new vertex o k in the interior of such ball, cone it to the boundary (so that the ball T | B k is changed to another ball T k with the same boundary), and consider the complex obtained as the union of these balls T k . As we did in Construction 1, the coning of each point o k is not done to the individual simplices in the boundary of T | B k , but rather to the unions of facets of the same full-dimensional simplex of T | B k . In this way, the maximal cells of each T k are not necessarily simplices: some are 2d − 1-simplices, with 2d vertices, but others have 2d + 1 vertices. For each k, the 2d − 1-simplices in B k with at least two facets in ∂B k form a compatible family (their missing faces are the τ 's described below), thus each T k is a polyhedral ball. Moreover, cells belonging to different holes intersect in a single face of both, because the part of each cell in the boundary of a hole is also part of the boundary of a full-dimensional simplex of the original triangulation T . That is, the union T := T 1 ∪ T 2 ∪ . . . is a polyhedral cell complex.
In particular, consider the (about) n d 2 d+2 vertices of the grid that happen to lie in the interior of some hole. These correspond to the (d − 1)-simplices of T of the form τ := {a Proof. Consider first one simplex τ = {a N combinatorially different 2d-polytopes. But, as already happened for d = 2, this number is much smaller than the one obtained by Padrol [12] .
